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Abstract. Edge plasma turbulence modelled with 2D interchange is shown to exhibit
convective transport at the microscale level. This transport property is related to avalanche
like transport in such a ux-driven system. Correlation functions and source modulation are
used to analyse the transport properties but do not allow one to recover the Fick law that must
characterise the system at large scales. Coarse graining is then introduced to average out the
small scales in order to recover the Fick law. One nds that the required space averaging is
comparable to the system size while the time averaging is comparable to the connement time.
The system is then reduced to a single reservoir such that transport is characterised by a single
scalar, either the diusion coecient of the Fick law or a characteristic evolution time constant.
1. Introduction
The widely used diusion approximation of transport modelling traces back to Einstein's
interpretation of the Brownian motion later followed by the Langevin's toy model addressing the
same problem [1]. These lead to the picture of a Markov chain of random steps associated to a
random time that governs the transport at the microscopic level. An important consequence has
been the interpretation it provides for the Fick law of proportionality between the transported
ux and the particle gradients, the proportionality coecient being the diusion coecient.
However, it must be stressed that the Fick law must be satised at the macroscopic level
even when the microscopic transport is not associated to diusion. There appears therefore
a scale separation between the microscopic physics that drive the transport and the macroscopic
scale where thermodynamics require a Fick law to be satised. The key issue is therefore
to determine those macroscopic scales such that the system, at these scale, is suciently
close to thermodynamical equilibrium to recover the proportionality between the ux and the
thermodynamical force. We address this problem here in the framework of turbulent plasma in
a model where the microscopic transport is governed by turbulence, Section 2, and is found to
be predominantly convective, Section 3. A coarse graining process is then introduced to recover
the Fick law and to determine the macroscale of the problem, Section 4.
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2. Steady state conditions with 2D interchange turbulence in the edge plasma
The present most advanced models of plasma turbulence are addressed in the gyrokinetic
framework, hence determining the plasma distribution function f with global full-f and most
importantly ux-driven codes [2, 3]. It has been reported that ux driven gyrokinetic simulations
exhibit avalanche-like transport [4, 5], thus conrming the results obtained with uid codes [6].
In this paper we use uid simulations prior to analysing gyrokinetic simulations. The model is
the same as in the seminal paper [6]. It is a simple 2-elds and 2D interchange model describing
the pressure nT and vorticity W in the plane transverse to the magnetic eld. Its structure
is identical to that of the Rayleigh-Benard system that describes convective instabilities. The
buoyancy driven transport is the vorticity equation is governed by the magnetic curvature eect
in the plasma model while the stream function is replaced by the electric potential. In the plasma
model we consider for simplicity a constant temperature T = Te, the electron temperature, so
that one actually addresses particle transport in the cold ion limit and not thermal energy as
in Rayleigh-Benard. A key dierence between the neutral uid and the plasma model is the
existence, in the latter, of a loss term in the vorticity equation that linearly stabilises the large
structures. Consequently, the E  B convective cells do not reach the size of the system and
boundary layer issues are less stringent than in Rayleigh-Benard experiments and simulations.
The a-dimensional equations take the following form:
@tn + [; n]  Dn =  n(n; ) n+ S (1)
@tW + [;W ]  W + g@yn = () (2)
The vorticity W is directly connected to the electric potential , normalised to Te=e, by a Pois-
son equation W = r2?. Six control parameters are obtained that govern the drive and loss
terms. The linear instability is governed by the existence of the g-term of the order of s=R,
where s is the hybrid Larmor radius that is introduce to normalise the transverse scales, and R
the major radius of the device that drives the magnetic eld curvature. The system is driven out
of equilibrium by the particle source term S. In the present setting, the source is constant in the
y-direction, akin to the poloidal direction, with Gaussian-peaking in the x-direction, akin to the
radial direction. The loss term n(n; ) n is characteristic of the SOL region and corresponds to
the parallel particle loss term to the wall. The structure of the control parameter n(n; ), and
its possible dependence on  to account for the sheath eects, is of little relevance in the present
paper. A key aspect of this term is that this particle loss is distributed in the whole domain, it
is therefore a volumetric sink. Indeed, each point in the 2D plane of interest is connected via
the third dimension to a limiter surface. The nite connement time along this direction, and
plasma neutralisation at the wall thus governs the particle loss. When steady state conditions
are achieved, this volumetric particle loss balances the particle source. Turbulent transport
is thus organised from the source region, along the direction of symmetry of the source, the
x-direction. The linear interchange instability sets in for negative density gradients, hence in
the region localised on the right hand side of the source. Two diusive transport coecients
are introduced, D and . These are normalised to the Bohm value scs (where cs is the sound
velocity) and are small, equal to 10 2 in the present work. They are important in damping the
small scales that build-up in the turbulent regime.
The last control parameter is the parallel current loss term (). Its exact structure, in-
cluding or not sheath eects, is not crucial here. However, it must be stressed that it takes
into account parallel current exchange that can be complex, and will depend on the electric
potential, but that does depend explicitly on the vorticity W = r2?. Consequently, as stated
above, it will appear as  =k2? in the calculation of the linear growth rates. Here k? is the
wave vector in the plane orthogonal to the direction of the parallel current losses and stems from
inverting the vorticity in Fourier space to recover the potential. Conversely,  can depend on
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the parallel wave vector kk. The term  thus drives a stabilisation the large mode structures
k? ! 0. In the present work, it is chosen independent on the density n so that this mechanism
is homogeneous throughout the system. Consequences are two fold, rst one can consider that
it constrains the zonal ows, ky = 0 where y is the poloidal direction. These must then have
sucient radial structure (x-direction) to yield nite values of k? and exhibit weak damping,
 being a small parameter. This tends to preserve the shearing properties of the zonal ows
but smears out global radial structures of the electric eld. Another consequence is that the
large scales of the system are stable with respect to turbulence. This favours the existence of
macroscales where thermodynamics can apply.
The code solving equations (1, 2) is periodic in both x and y directions. Although the x-
periodicity can be considered as unphysical, it allows one to investigate the plasma response in
three regions, see gure 1. Due to the symmetry breaking set by the linear criterion for the
turbulence onset, most of the simulation domain is governed by turbulent transport, while the
region without turbulence, labeled region-III, in a narrow poloidal band that plays a crucial role
numerically by preventing cross talk of turbulence in the radial direction, typically this region
is characterised by x  439 at the minimum of the density prole. Where turbulence governs
transport, one labels region-I the region with nearly constant density gradient length Ln  n,
and region-II the region where Ln varies radially increasing from Ln  n to 1 in the crossover
region between the region with turbulent transport and region-III without. A fourth region
should be mentioned, that of the particle source, located at x = 1 up to x  16.
The curvature of the magnetic eld and the geometry of the source break the symmetry
between the x and y directions. Indeed, the source is constant in the y-direction, so that
transport is organised along the x-direction. In this direction, translation invariance is thus
broken by the source term. Conversely, the y-direction still exhibits translation invariance that
allows one to average in the y-direction to gain in statistics (this is equivalent to a ux surface
average). The curvature of the magnetic eld drives the instability and leads to the g-term
with an explicit dependence on y. In this model, it does not depend on x so that it does not
generate extra thermodynamical forces. The average density and particle ux are plotted on
gure 1. These are averaged on y and time for the whole simulation duration ts. It is interesting
to note that both density hniy;ts and radial particle ux h xiy;ts exhibit an exponential fall-o
as expected in the SOL plasma. However, it must be stressed that such an exponential fall-o
is consistent with both purely diusive and convective transport and thus cannot be identied
as a signature of diusive transport.
Statistics of these elds, at given x-value, lead to heavy tails Probability Density Functions
as shown for  x and <  x >y on gure 2. Remarkable features are attached to these PDF. Let
us rst consider the PDF of  x, black curve with open o-symbols, attached to the lower scale.
First negative values of the particle ux account for a signicant part of the data, hence driving
particles from the sink towards the source. This result is in fact consistent with the properties
of E  B eddy convection that does not discriminate directions. More unexpected is the fact
that the most likely particle ux is negative, one the left hand side of the zero line (vertical
dash-dot line). Second, one nds a heavy tail towards the large positive values of the particle
ux. Since the small magnitude events are both positive and negative with high but nearly sym-
metric probability density, they tend to cancel out when addressing the mean value of the radial
particle ux. From that point of view, one can state that the eective particle ux (the mean
value) is essentially sustained by the heavy tail part of the PDF. This property is specic of ux
driven system where the only constraint on the system is to ensure a balance, on average only,
between the source and the sink. The heavy tails structures also appear to exhibit avalanche-like
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Figure 1. Averaged density and
particle ux proles, regions I, II
and III are indicated.
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Figure 2. PDF of the particle ux,
black curve open o symbols  x lower
scale, blue histogram <  x > upper
scale.
behaviours with 1/f frequency spectra [6]. In the case of SOL plasmas, it can be connected to the
so-called blob phenomenology later advocated in ref.([7]). Regarding the negative particle ux
events, only an averaging procedure allows one to recover the thermodynamically expected sign
of the particle ux. In fact the y-average is found to be sucient for this process as exemplied
by the PDF of <  x >y, also on gure 2, blue histogram upper scale. Only positive values are
found for <  x >y so that the PDF can be tted with a lognormal PDF. More importantly is
the strong change in the range of the uctuations, typically a factor 10 between the lower and
upper scale. For convenience the two PDF are centred at the same location of their mean value
(which is of course identical) as indicated by the vertical dashed line. Despite the sharp drop
in the uctuation level, this PDF still exhibits a heavy tail. Consistently with the discussion of
the PDF of  x, one can consider that most of the data contributing to the PDF of <  x >y
must therefore stem from avalanche-like events.
The convergence towards a statistical steady state of this turbulence model is slow. To
investigate this aspect we analyse the local convergence for each point in y, at the same x
position of h xit when varying the duration t of the averaging process. We can then plot the
distance
h xit   h xiy;ts, see gure 3. One nds that the convergence takes place according
to the scaling law 1=
p
N where N is the number of events. Fitting the data indicates that an
event corresponds in fact to a nite duration N , as indicated by the vertical dashed line on
gure 3. This duration of a typical event must be compared to the connement time of the
system dened as E = 1=n. Indeed, one can readily show that when switching o the source
term, the total number of particles in the simulation domain will decay exponentially with e-
folding time E = 1=n. The simulation evidence thus leads to N  E=6. The events last a
signicant fraction of the connement time. To complete the discussion on the characteristic
times, another key time must be introduced, namely the turbulence correlation time c. Data
from the simulation yields c  E=32, gure 4. The typical event duration is thus in the range
of 5 correlation times, a ratio also reported in gyrokinetic ux driven simulations [4]. When
compared to the total simulation time ts  40E , one thus nds that typically 240 events take
place. Together with the very irregular decay noticeable on gure 3, this large but not very
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large number of events underlines the diculty in obtaining sucient statistics to determine
with precision the steady state regime.
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3. The microscopic turbulent transport
The investigation of the microscopic turbulent transport has been undertaken with several
approaches. Starting from the description of the transport in the set of equations (1, 2), one
nds that in the turbulent regime the transport is governed by E  B convection. At the
microscopic level, the issue is determining the sequence of events that bound this correlated
convective motion, thus dening step sizes and step durations for the transport process. The
PDF of these step characteristics will then govern the nature of the microscopic transport. In
practice this approach is dicult to implement for turbulence since the decorrelation process
that bounds the steps is not well dened. A standard alternative is to address the transport of
test particles governed by the time dependent EB motion. Investigating the time dependence
of the mean distance between the test particles and their initial position with the present model
in [6] indicates that the test particle transport is close to ballistic. A more demanding analysis is
based on tracing the large ux events and determining their dynamics. One then nds that the
events rst experience an acceleration before propagating with a nearly constant velocity, hence
behaving like fronts or avalanches. Since these large events dominate the average ux, it then
appears that the microscopic transport is essentially ballistic [8]. A third approach proposed
here is based on self similarity of transport such that the appropriate variable is x=t for ballistic
transport and x2=t for diusive transport. Generalising this similarity constraint to turbulence
transport, one expects transport to depend on x=t, the exponent  characterising the nature
of transport. We then match the self-correlation function in time Ct(t) and self-correlation in
space along the x-direction Cx(x) so that: Ct(t)  Cx(c x). In log scale for the abscissa,
the constant c is determined as an oset while the parameter  governs the slope, gure 4. This
procedure yields   1:1 and c  15, see gure 4, hence a value close to ballistic  = 1 and
clearly not diusive  = 2. This result is surprising since in the standard approach a la mixing
length would stipulate the transport to be diusive, the diusion coecient being Dc = 
2
c=c
where c  24 is the correlation length. The correlation length and correlation time would
then dene the elementary event, and assuming a Markov process would govern the diusive
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transport for scales larger than that of the elementary event. Given the values of c and c one
then expects a diusive coecient Dc  1:11 (normalised to the Bohm diusion), typically 100
times larger than the small scale smoothing diusion D. However, should one assume that the
sign of the step is not random but always positive, the sequence of elementary events will lead
to a ballistic transport of magnitude Vc = cc  0:046 (normalised to the sound velocity, and
therefore eectively a Mach number) not too dierent from the upper bound value 1=c  0:067.
The dierent approaches used in analysing the microscopic transport properties indicate that
the microscopic transport is close to ballistic in marked dierence with that assumed when
considering the Brownian motion.
10
-2
10
-1
10
0
10
1
10
2
D
x
150010005000
x
i
Figure 5. Diusion coecient Dx
prole.
10
-4
10
-3
10
-2
10
-1
10
0
V
x
150010005000
x
i
Figure 6. Velocity Vx prole.
4. Macroscopic transport analysis
Considering discretised transport operators, one can analyse the prole averaged in y and time
either in terms of a prole of diusive transport or in terms of a prole of convective transport,
where the local diusion Dx and convection Vx coecients are dened according to the formulas:
Dx =
nni   Si
ni+1 + ni 1   2ni (x)
2 ; Vx =
2

nni   Si

ni+1   ni 1 x (3)
Here the subscript i describes the discretised x-direction with a step x. The result of the
calculation is displayed on gure 5 and 6 clearly indicates that the values of the Dx exhibit a
much larger uctuation range than that of Vx. These uctuations are clearly governed by the
underlying turbulent transport since one properly recovers the value of D = 10 2 in the stable
region. Moreover, one nds that the values ofDx are reminiscent of a step like density prole with
a sequence of small values followed by a large value. Based on these statistical properties, one
would tend to consider that transport is more properly represented by a convection< Vx > rather
than the diusion < Dx > following therefore the microscopic properties. The macroscopic
particle ux would then be of the form <  x >=< Vx > n. However, from a thermodynamical
point of view, the only force in the system is the density radial variation, hence the non-vanishing
value of  rxn. Since the particle ux must be driven and opposite to the thermodynamical
force, one expects recovering at lowest order a Fick law of the form <  x >=  Drxn. The
mean density prole analysis does not appear to provide sucient insight into the transport
properties. One reason, already addressed in Section 2 could be the slow convergence of the
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statistics due to the occurrence of large and rare transport events that generate the departure
from an exponential solution with a step like structure. In order to overcome this diculty, and
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to investigate the possible coexistence of diusion and convection, we have performed a series
of simulations with a source modulation. The modulated source is localised in the same region
as the main source, it is also constant along the y-direction and narrower in the x-direction,
yielding a broad kx spectrum. With the chosen value of the magnitude of the modulated source
one identies very well the density response at the source frequency !s, gure 7. One can then
consider the transport equation in Fourier space:
n   i!s +

Dek
2
x + iVekx

=
S^
n^
(4)
where we have assumed the macroscopic, or eective, transport to be of the standard form
  =  Derxn + Ve n. In such a framework the real part of the ratio S^=n^ should be a
quadratic function of kx while the imaginary part should be linear. The frequency !s must be
small enough to allow the transport wave to propagate from the source to a suciently large
distance, but not that large that it only drives an adiabatic response of the system at quasi-
constant prole but slowly varying particle content. A value comparable to n thus appears
to be optimum. At any rate, as exemplied on gure 7, it is not possible to nd a frequency
outside the broad range of the turbulence spectrum. As expected for a system characterised by
heavy tails of large transport events, there is no obvious time separation between turbulence
and transport. No correlation between the source and density kx-spectra has been observed, see
gure 8. In particular, a signature of diusive transport would govern a quadratic shape of the
density spectrum at kx ! 0 that must be more pronounced than that of the source, which is
clearly not the case on gure 8 where the density spectrum is exponential like.
The two rst transport analysis are based on a coarse graining process achieved by ux sur-
face averaging, maximum coarse graining in y, and either averaging in time or selecting small
frequencies both governing strong coarse graining in t.
We now analyse the impact of the coarse graining process by considering directly the particle
ux h icg. The minimum coarse graining that is considered is a y-average to ensure that most of
the data is consistent with the thermodynamical (macroscale) constraint of particle ux directed
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from the source towards the sink. One can expect h icg = hnicg to exhibit a polynomial expansion
in 1=Ln. In a linear expansion, consistent with weak departure from equilibrium the constant o-
set value would then be the convection velocity while the slope would be the diusion coecient.
Data is selected from region I, gure 10, and does not appear to yield any trend, similarly to
experimental evidence [9]. It is clear from this data that any relationship between h icg = hnicg
and 1=Ln requires coarse graining in time. This is done by averaging over the duration of the
simulation ts  40E . The data points exhibit more dispersion in 1=Ln than in h icg = hnicg,
gure 9. One then readily notices that the variation of h icg = hnicg is small and uncorrelated
with the radial modulation of 1=Ln. Again this data appears to be consistent with transport
governed by convection. A response that is not possible since the system is governed by a
single thermodynamical force measured by 1=Ln. One is thus led to introduce coarse graining
in x, here over region I to remove the prole eects, gure 9. The bottom line of this coarse
graining process is that we have averaged over all possible direction to recover the Fick law,
h xicg = hnicg =  D h1=Lnix represented by a single point on gure 10. In this process region
I of the system is reduced to a single point, hence to a single reservoir interacting with other
reservoirs. The single scalar characterising this reservoir, D  0:9, is equivalent to setting a
characteristic evolution time  = L2x=D where Lx  190 is the radial extent of region I, hence
  2:5E . Some optimisation in the coarse graining process, dierent from the full time and
radial coarse graining might be possible. Given the lack of correlation between the force and ux
proles in region I, gure 9, one can consider that the radial coarse graining cannot be modied
while reducing the time coarse graining to  might be possible.
5. Discussion and conclusion
We have shown in this paper that capturing the macroscale properties of a system driven by
turbulence with self-organised transport events, avalanches or fronts, requires a strong coarse
graining procedure. For the model we have implemented, this minimum coarse graining process
includes a ux surface average (y-direction of the model), an average over the whole radial region
and at least over times that correspond to a couple of connement times. As a consequence, the
total system appears to be reduced to only a few interacting reservoirs, the size of the latter be-
ing constrained by the requirement to have sucient internal statistics to dene an equilibrium
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thermodynamical state, these dene therefore macroscale regions. With the available simulation
run time, the evolution of such a reservoir is limited to a few steps. With such a level of coarse
graining the Fick law is recovered, but the information regarding the reservoir is reduced to a
single scalar, akin to a connement time. The consequence would thus be that in the present
system, the existence of the Fick law does not imply diusive transport at the microscale. At
the macroscale, where diusion appears to be legitimate, the few interacting reservoirs makes a
discussion of transport in terms of diusion rather articial since only a couple of steps separate
the boundary conditions.
This result can be understood in the framework of avalanche like transport events. These
events are localised in space but rather long lived in time, hence leading to a long range trans-
port structure. They appear to propagate with a ballistic motion, with nearly constant velocity
magnitude but varying direction in the plane orthogonal to the magnetic eld. The order of
magnitude of the poloidal component being comparable to that of the radial component. The
heavy tail structure of transport events they encompass drives a very slow convergence of the
statistics. The duration of the random events N that governs this process appears to be large,
so that only several such events occur during a connement time. Present investigation of the
time lag between the avalanches appears to be consistent with N of the order of the shortest
time lag of the events belonging to the heavy tail structure of the particle ux. These transport
processes that are a key signature of global and ux driven systems cannot be captured by
approaches that introduce scale separation, e.g. a la quasilinear. This is very clear in particular
when considering a scale separation between a given gradient scale (assumed to be a macroscale
quantity) and the underlying scale of the uctuations. Indeed the avalanche events lead to fast
transport over signicant fractions of the radial extent of the domain, while remaining localised.
This is shown to lead to broad spectra (partly as a consequence of the localisation) such that
scale separation in time or in space cannot be justied.
Avalanche like events are also reported in global ux driven gyrokinetic simulations of the
core plasma with ITG turbulence. In these systems the sink is not volumetric as in the present
model but localised at the boundary layer. Although the latter point can modify some aspects
of the present description, one can expect that the avalanche transport in gyrokinetics will also
hinder scale separation and consequently require strong coarse graining to recover macroscale
thermodynamical properties. This is the matter of our present eort in analysing gyrokinetic
simulations performed with the GYSELA code.
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